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I I .  Limiting Behavior and Collocation Solution of 

the Radial Mixing Case 

A tubular reactor model that accounts for both radial 
gradients and nonflat velocity profile is unusually difficult 
to solve numerically, since even the steady state energy 
and material balances of the system are ordinarily coupled 
nonlinear partial differential equations. Nevertheless, tech- 
niques have been developed to obtain approximate or 
special-case analytical solutions. Kramers and Westerterp 
(8), von Rosenberg, Durrill, and Spencer (14), and Mick- 
ley and Letts (11, 12) used implicit finite-difference tech- 
niques to obtain direct numerical solutions. Hsu (6) ob- 
tained the analytical series solution of the material balance 
for the isothermal tubular reactor with finite radial mixing, 
parabolic velocity profile, first-order chemical reaction, and 
no axial diffusion, by reducing the system to an eigenvalue 
problem. The Taylor axial diffusion model (1, 3, 15) com- 
bines the effects of axial diffusion, radial concentration 
gradients, and parabolic velocity profile into a single axial 
diffusion term, reducing the steady state material balance 
for the isothermal system to a second-order ordinary dif- 
ferential equation. Deans and Lapidus ( 4 )  devised a two- 
dimensional array of interconnected continuous stirred- 
tank reactors to approximate the behavior of the packed- 
bed tubular reactor, and McGuire and Lapidus (10) used 
this model in an extensive numerical study to simulate the 
transient response of the system. 

The model for the tubular reactor with finite radial mix- 
ing (TRRM) assumes that the velocity profile is flat, that 
axial diffusivity and conductivity are zero, and that heat 
transfer occurs across the reactor wall. The dimensionless 
steady state material and energy balances are 

and the boundary conditions are 

z = 0: y(0, r )  = 1, T)(o, T )  = r)F (3) 

(4)  

l o  l o  

These boundary conditions assume flat radial concentra- 
tion and temperature profiles at the reactor entrance and 
no mass transfer across the reactor wall. In the absence 
of radial velocity gradients, radial variations of concen- 
tration and temperature result from finite resistances to 
radial mass and heat transfer. Thus the radial heat and 
mass transfer Peclet numbers, N p e  and N p e p ,  are computed 
using the thermal and mass diffusivities for the reactant 
mixture. 

In the following, a direct comparison will be made of 
the collocation and implicit finite-difference techniques for 
obtaining solutions of Equations (1) and ( 2 )  numerically, 
In addition, limiting forms of this model will be explored 
analytically for both extremes of the degree of radial 
mixing. 

LIMITING BEHAVIOR 

As radial dispersive effects approach either zero or in- 
finity in the tubular reactor system, the radial gradients of 
concentration and temperature must disappear when the 
entrance profiles and the velocity profiles are flat. This 
occurs at the zero mixing extreme, because there is no 
mechanism by which the uniform reaction effects can be 
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redistributed; it must also be true when radial mixing is 
complete and all variations are averaged by mixing. 

The limiting behavior may also be demonstrated ana- 
lytically with the object of relating the TRRM parameters 
to those of the two limiting plug-flow tubular reactors. As- 
sume that the chemical reaction is first order, irreversible, 
with Arrhenius temperature dependence: 

(6)  
'Then, for purposes of simplification, consider an isother- 
mal TRRM with wall mass transfer. This system will ex- 
hibit linear kinetics by virtue of its isothermal character, 
yet it retains wall transfer analogous to that of the more 
general nonisothermal problem. Using a new concentration 
variable to emphasize the special character of this study, 
the material balance for the system is 

R(y ,d  = ko' y exp (- 717) = k y 

and the corresponding boundary conditions are 

z = 0: U ( O , T )  = UF (8) 

T = o :  7 ar = O  (9) 

l o  

r = l :  -- au 1 1= kw [uw - u ( l ) ]  (10) 
N p e  ar 

The analytical solution of Equations (7)  through (10) 
can be obtained using the finite Hankel transformation 
(see, for example, the text by Irving and Mullineux (7)  ) 
in the form 

U -=I 
u w  

+ 2  
i=1 i I 

The characteristic values X i  in Equation (11) are roots of 
the equation 

and the constants pi are functions of the corresponding 
value of Xi 

N p e  kw JO ( A )  = A JI ( A )  (12) 

The characteristic values can be located by plotting the 
left and right sides of the following rearranged form of 
Equation (12) : 

simultaneously as functions of k. The characteristic values 
Xi are located at the points of intersection between the two 
sets of curves. 

In the limit as radial mixing approaches zero and N p e  
+ co, the characteristic values approach the zeroes of 
Jo(A), and 

lim f i =  1 (15) 
N p r r  m 

(16) 
where is the ith zero of J O  ( A ) .  

Using Equations (15) and ( 16) and the identity (7)  

one finds the limiting form of Equation (11) to be 

lim U ( X ,  r )  = UF exp ( -  k z )  (18) 
N m +  m 

Equation (18) is identical to the solution of the material 
balance equation for the isothermal plug-flow tubular re- 
actor (PFTR) : 

when there is no mass transfer through the reactor wall 
(kw' = 0 ) .  

In the limit as radial mixing approaches infinity and the 
radial Peclet number approaches zero, the characteristic 
values hi approach the zeroes of ] l ( h ) ,  which are denoted 
by Jsi. Since Js1 = 0 and > 0 for i > 1 

Npe+O lim [3 = N P ~ O  lim ( k + $ )  
h + I %  

for i >  1 

Thus all terms vanish in the series solution, Equation (11) , 
except for the first term: 

U 
lim - = 1 

W 
Npe+O u 

N p e  k w  
+ lim 2 

Np,-+O 
Xi+O 

Rearrangement of Equation (12) yields 

which is used in conjunction with the identities 

lim Jo(A) = 1 (23) 

lim ]l(A)/A = $4 (24) 

A-tO 

A+O 
to show that 

and 
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Therefore, in the limit as radial mixing becomes infinite 

lim U ( Z ,  r )  
Np, - tO 

Equation (28) is also the solution of the material balance 
equation for the isothermal plug-flow tubular reactor, 
Equation (19),  when kw' = 2kw. In spite of the simplified 
form of Equation (7), it may be expected that the non- 
isothermal system represented by Equations ( 1) through 
(6)  would behave similarly at the two extremes of radial 
mixing. As radial mixing approaches zero, the TRRM 
should reduce to an adiabatic PFTR (U,.' = 0) ,  and in 
the limit as radial mixing becomes infinite, the TRRM 
should reduce to a nonadiabatic PFTR with U,.' = 2U,. 
The heat transfer effect appears in two fundamentally dif- 
ferent ways in the models for the TRRM and PFTR sys- 
tems. In the radial mixing case, the wall boundary condi- 
tion on temperature defines the rate of heat transfer, 
while in the plug-flow case, the heat transfer effect ap- 
pears in the energy balance. Although the heat transfer 
coefficient has different meanings in the two systems, this 
analysis has shown that in the upper extreme of radial 
mixing, there is a rigorous relation between the two coeffi- 
cients. Since the definitions of the dimensionless heat 
transfer coefficients differ by a factor of 2 in the two sys- 
tems, the dimensional coefficients are numerically equal 
in the limiting case. 

COLLOCATION AND FINITE-DIFFERENCE SOLUTIONS 

The collocation method, a form of the method of 
weighted residuals ( 5 ) ,  may be used to obtain approxi- 
mate solutions of Equations ( 1 )  and (2) .  Trial solutions, 
containing known functions of radial position and several 
undetermined coefficients, are substituted for the de- 
pendent variables in the partial differential equations, and 
the error residuals that arise are set equal to zero at a 
series of m collocation points, distributed over the interval 
0 < r < 1. The result is a set of m ordinary differential 
equations (for each state variable of the system) in which 
the dependent variables are the undetermined coefficients 
in the trial solution. 

Villadsen and Stewart (13)  showed that it is also possi- 
ble to write these reduced collocation equations directly 
in terms of the ordinates of the collocation points by ex- 
pressing the Laplacian terms in Equations (1)  and (2)  
in the form 

I ri 

The resulting collocation equations describe the behavior 
of y and 7 at each of the m interior collocation points as 
functions of axial position: 

. -  
(30) 

(31) 

The collocation constants Bij are computed using the 
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procedure described by Villadsen and Stewart (13). A 
series expansion in powers of r2 is assumed for the de- 
pendent variable. This expansion satisfies the boundary 
conditions of the TRRM system at r = 0 automatically; 
however, the boundary conditions at r = 1 must be super- 
imposed externally on the collocation equations. To do this, 
an extra collocation point (rm+l) is placed at r = 1, the 
mth collocation point is placed at rm = 1 - Br, and finite- 
difference approximations are substituted for the gradient 
terms in the wall boundary conditions at r = 1: 

I 1  

(33) 
The resulting collocation equations are 

. r m - 1  7 

- R ( r i )  i = 1,2,  . ., m (34) 

+ R(ri) i = 1,2, . ., m (35) 

To obtain the axial concentration and temperature pro- 
files at each collocation point, Equations (34) and (35) 
are integrated numerically from z = 0 to z = 1, using the 
entrance conditions 

z = 0:  y(O,ri) = 1, v(0 ,r i )  = -qF i = 1,2,  . ., m 
(36) 

The implicit finite-difference techniques use finite-differ- 
ence formulas to represent the gradient and Laplacian 
terms at a series of grid points, yielding a system of simul- 
taneous algebraic equations. These are solved recursively 
for y ( z  + AZ, ri) and T(Z + Az, ri), given y(z, r i )  and 
7 ( z ,  Ti), until the axial concentration and temperature 
profiles at each grid point have been generated. Since the 
system of algebraic equations is nonlinear, Lee's quasi- 
linearization algorithm (9), a modification of the Crank- 
Nicolson procedure ( 2 ) ,  is useful. This technique trans- 
forms the computational problem from the solution of a 
large set of nonlinear algebraic equations to an iterative 
solution of a large set of linear algebraic equations. 

NUMERICAL RESULTS 

The collocation method and the quasilinearization 
method were each used to obtain numerical solutions of 
the TRRM steady state balances, Equations (1)  and (2) ,  
for the set of parameters 

7 F  = 3.50 u, = 1 

r),,, = 3.25 y = 60 

Npe.  = N p e  = 25 k< = 1.0 x lo7 
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N,, = 25, U,=I.O, 770=3.5,r]w=3.25,y=60, kb.10' 

"0 0.2 0.4 0.6 0.8 1.0 

DIMENSIONLESS RADIAL POSITION r 

Fig. 1. Steady state Concentration profiles for TRRM example. 

In Figures 1 and 2 radial concentration and tempera- 
ture profiles are plotted at  several axial positions, dis- 
tributed between the reactor entrance and exit. These 
profiles were generated using the quasilinearization 
method with a grid of 40 increments in the radial direction 
and 100 increments in the axial direction. The calculation 
was also performed using 20, 30, and 50 radial increments, 
and it was found that 40 finite-difference increments were 
needed to obtain agreement between successive degrees 
of approximation (to three significant figures). 

The concentration and temperature profiles in Figures 1 
and 2 clearly demonstrate the effects of radial mass and 
heat transfer resistance upon the concentration and tem- 
perature distribution in the reactor. A large radial tempera- 
ture gradient develops downstream from the reactor en- 
trance, resulting in much higher temperatures along the 
axis than along the wall of the reactor. This in turn causes 
a radial concentration gradient to develop, since the rate 
of depletion of reactant is higher along the reactor axis 
than along the wall. 

N p e = 2 5 , U r =  1.0, r] =3.5,r]w'3.25,y=60,kb= lo' 

0 0.2 0.4 0.6 0.8 I .o 
DIMENSIONLESS RADIAL POSITION r 

Fig. 2. Steady state temperature profiles for TRRM example. 

In  the collocation solutions, the collocation points were 
chosen arbitrarily, except for the points rm and Tmi.1, 

which were placed close together at the reactor wall ( T  = 
1) , as described earlier. The collocation constants were 
computed using the method outlined by Villadsen and 
Stewart ( 1 3 ) ,  and are listed along with the collocation 
points in Table 1 for rn = 5. The Runge-Kutta fourth- 
order formula was used to integrate the collocation equa- 
tions over the length of the reactor, using a grid of 100 
increments. 

Table 2 compares the numerical solutions of the TRRM 
equations obtained using the collocation method with m 
= 4 and m = 5 collocation points and the quasilineariza- 
tion method with 40 increments. The comparisons are 
made at the reactor exit ( z  = 1). There is excellent agree- 
ment between the solutions computed using the two meth- 

0.10 

-55.151 
15.965 

-1.1347 
7.6263 

-39.582 
-48.913 

0.02545 
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TABLE 1. COLLOCATION POINTS AND CONSTANTS FOR TRRM-RECYCLE EXAMPLE 
m = 5 

0.35 

69.324 
-46.920 

20.069 
-22.589 

99.875 
122.933 

0.07916 

July, 1971 

Collocation points ( r i )  

0.60 0.85 

Collocation constants for radial Laplacian (Bij)  

- 19.292 9.6228 

-48.813 44.527 

- 138.777 353.068 
- 168.630 402.861 

37.349 - 11.205 

54.040 -113.060 

Quadrature constants (Wi) 
0.1643 0.1743 

0.995 

-55.711 
57.421 

507.284 

-6748.917 

- 160.686 

-6176.718 

0.1774 

1.0 

51.208 
-52.610 
146.038 

- 433.301 
5902.136 
6440.664 

- 0.1207 
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ods, and the maximum difference is less than 2% of the 
feed stream conditions. Agreement between the colloca- 
tion and quasilinearization solutions was slightly better for 
m = 5 than for m = 4 collocation points; however, col- 
location solutions obtained using m = 2 and m = 3 col- 
location points did not compare well with the finitediffer- 
ence solution. 

The quasilinearization solution obtained using 40 incre- 
ments required the iterative solution of a set of 82 simul- 

taneous nonlinear algebraic equations at each of the 1.00 
axial grid points. The collocation solution obtained using 
five collocation points was of comparable accuracy, but it 
required only straightforward numerical integration of a 
set of 10 nonlinear ordinary differential equations from the 
entrance to the exit of the reactor. Thus it is evident that 
significantly fewer computations are required by the col- 
location method than by the quasilinearization method to 
yieId a solution of comparable accuracy. 

TABLE 2. COMPARISON OF COLLOCATION AND FINITE-DIFFEHENCE SOLUTIONS OF STEADY STATE 
MATERIAL AND ENERGY BALANCES FOR TRRM 

No. of 
collocation points Axial position Radial position Concentration Temperature 

m z fi Ycoll YFD Vcoll VFD 

1.0 

1 .o 

0.30 
0.65 
0.90 
0.995 
0.10 
0.35 
0.60 
0.85 
0.995 

0.04185 
0.2291 
0.6127 
0.6622 
0.03303 
0.04495 
0.1591 
0.5503 
0.6705 

0.03997 
0.2256 
0.6078 
0.6579 
0.03281 
0.04512 
0.1634 
0.5494 
0.6570 

4.452 
4.186 
3.561 
3.345 
4.465 
4.446 
4.283 
3.705 
3.331 

4.454 
4.195 
3.578 
3.341 
4.465 
4.446 
4.279 
3.706 
3.341 
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NOTATION 

u = 1/(1 + Npe U,8r)  
b = N p e  U r T w  S r / ( l  + Npe U,Sr) 
BZi = collocation constants for Laplacian 
C = reactant concentration, g.-mole/cc. 
C, = fluid heat capacity, cal./(g..) ( O K . )  

D = radial mass diffusivity, sq.cm./sec. 
E = activation energy, cal./g.-mole 
(-AH,) = heat of reaction, cal./g.-mole 

J o ( x )  = zeroth order Bessel function 
J1 (x )  = first-order Bessel function 
k = first-order kinetic constant 
k ,  = dimensionless wall mass transfer coefficient 
ko = frequency factor, set-1 
kJ = dimensionless frequency factor (koL/u)  
L = reactor length, cm. 
m = number of interior collocation points 
Npe = radial heat transfer Peclet number (VR’~/(YL) 
N p e .  = radial mass transfer Peclet number ( u F 2 / D L )  
r = dimensionless radial position (r‘/R’) 
r‘ = radial position, cm. 
ri = ith collocation point 
R = gas constant, 1.987 cal./(g.-mole) (“K.)  
R’ = reactor tube radius, cm. 
R ( y, T) = dimensionless reaction rate 
R ( r i )  = dimensionless reaction rate evaluated at the con- 
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ditions at collocation point ri 
T = temperature, OK. 
u 
U 

U, 

u = flow velocity, cm./sec. 
x = axial position, cm. 
y 
z 

Greek Letters 
(Y = thermal diffusivity, sq.cm./sec. 
L U ~  

7 = dimensionless activation energy 

8, A = linear difference operators 
TJ = dimensionless temperature (pCpT/ ( -AH+) CF) 
X = characteristic value of isothermal TRRM equation 
pi = k / ( k  + X i 2 / N P e )  
p = fluid density, g./cc. 

Superscript 

= dependent variable in isothermal TRRM system 
= wall heat transfer coefficient, cal./ (sq.cm.) (sec.) 

= dimensionless wall heat transfer coefficient 
(OK.) 

(TRRM: UL/pCpR’u; PFTR: 2 U L / p C p R ’ ~ )  

= dimensionless reactant concentration ( C/CF) 
= dimensionless axial position ( x / L )  

= ith zero of J o ( x )  
= ith zero of J 1  (x) 

(PCpE/(-AHr)CFR) 

’ = parameter of equivalent PFTR 

= evaluated at feed stream conditions 
= evaluated at wall conditions 

Su bscripts 
F 
w 
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I 11. Effect of Recycle 

This paper reports on an investigation of the individual 
effects of radial gradients and axial mixing on the steady 
state and stability characteristics of the tubular reactor- 
recycle system, differing in this respect from most previous 
studies which have concentrated on the case in which the 
reactor is a plug-flow tubular reactor (PFTR). 

Bilous and Amundson (2)  used Laplace domain tech- 
niques to show that unstable steady states are possible in 
the PFTR-recycle system. A thorough analysis of the 
PFTR-recycle system by Reilly and Schmitz (9, 10) 
showed that multiple steady states and unique unstable 
steady states are also possible. The transient behavior of 
the system was represented by a system of discrete equa- 
tions, relating the reactant concentration and temperature 
of an element of fluid on its (k + 1)th pass through the 
reactor exit to the conditions on the kth pass through the 
exit. 

Luss and Amundson ( 5 )  restricted their analysis to the 
adiabatic PFTR-recycle system, which allowed a graphi- 
cal argument to be used to locate the steady states and 
determine their stability character. Root and Schmitz (1 1 ) 
investigated the adiabatic PFTR-recycle system experi- 
mentally and verified the presence of multiple steady 
states. 

Schmeal and Amundson (12) solved the unsteady state 
material balance for an isothermal tubular reactor with 
axial mixing and recycle (TRAM-recycle) . The analysis 
showed that the addition of a recycle line to the TRAM 
changes the character of the unsteady state response from 
nonoscillatory to oscillatory; that is, the dominant eigen- 
value of the linear system changes from a real to a com- 
plex number. 

THE TUBULAR REACTOR WITH RADIAL 
MIXING AND RECYCLE 

The steady state material and energy balances and the 
boundary conditions of the tubular reactor with finite 
radial mlxing were given in Part I1 ( 8 ) :  

(3)  

l o  l o  

(4)  
An additional condition is needed at the reactor entrance 
in order to account for the recycle line. It is assumed that 
the recycle line is adiabatic, that no chemical reaction oc- 
curs outside the reactor, and that the recycle stream 
passes instantaneously from the exit to the entrance of 
the reactor, where it is instantaneously mixed with fresh 
feed. Inspection of the schematic flow diagram in Figure 1 
shows that 

z = 0 :  y(0,r)  = YO = ( 1  - Rr)  + RrT(1) 

? ( O ,  r )  = TO = ( 1  - Rr)  TF + RrT(1) 

( 5 )  

where L( 1)  and ;( 1) are the radial average concentration 
and temperature at the exit: 

1 
(6)  

(7) 

- 
y(1 )  = 2  & y(1,r)  r d r  

T(1) = 2 l1 T ( L r )  T dr 
- 

The last assumption-instantaneous recycle-is seldom 
satisfied in practice. Indeed, the presence of dead time in 
the recycle line can be a prime cause of instability in such 

R r  
Fig. 1. Schematic diagram of tubular reactor recycle system. 
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